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Geometrically, ultrametric spaces and hyperconvex metric spaces are sharply distinct.
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constructive proofs of some known ﬁxed point theorems and strengthen the conclusions.
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1. Ultrametric spaces
We begin by recalling three deﬁnitions of an ultrametric space.
The classical deﬁnition goes back over ﬁfty years. See [4] for a discussion. A metric space (M,d) is called an ultrametric
space if the metric d satisﬁes the strong triangle inequality; namely for all x, y, z ∈ M:
d(x, y)max
{
d(x, z),d(y, z)
}
.
In this case d is said to be non-Archimedean.
A second deﬁnition was inspired by the study of functional analysis in vector valued spaces (cf. [9,6]). Let X be a
nonempty set and let (Γ,) be a totally ordered set with 0 ∈ Γ and 0 = minΓ . A mapping d : X × X → Γ is said to be an
ultrametric distance on X if for all x, y, z ∈ X ,
(D1) d(x, y) = 0 ⇔ x = y;
(D2) d(x, y) = d(y, x);
(D3) d(x, y)max{d(x, z),d(z, y)}.
A third deﬁnition is found in [2]. It coincides with the deﬁnition given above, except that Γ is assumed to be a complete
lattice with least element 0 and a greatest element 1 and (D3) becomes d(x, y) sup{d(x, z),d(z, y)}.
Note. In the remainder of this paper we choose to use the classical deﬁnition, although many things may hold in more
abstract settings.
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side. To see this, let x, y, z be elements of an ultrametric space (M,d) with d(z, y) d(x, z), and suppose
d(x, y) < max
{
d(x, z),d(z, y)
}
.
Then d(x, z) = d(z, y), because otherwise
d(z, y) > d(x, z) ⇒ d(z, y) > max{d(x, y),d(x, z)}.
We use the notation B(x; r) to denote the closed ball
B(x; r) = {y ∈ X: d(x, y) r},
where r  0 (with B(x;0) = {x}) and we observe that always diam(B(x; r)) r.
Another characteristic property of ultrametric spaces is the following:
α  β and B(x;α) ∩ B(y;β) = ∅ ⇒ B(x;α) ⊆ B(y;β). (1)
Moreover if α = d(x, y), B(x;α) = B(y;α).
Deﬁnition 1. An ultrametric space (X,d) is said to be spherically complete if every descending collection of closed balls in
X has nonempty intersection.
Remark 1. An immediate consequence of (1) is the fact that
⋂
F = ∅ for any family F of closed balls in a spherically
complete ultrametric space which has the property that each two members of F intersect.
2. Hyperconvex ultrametric spaces
An ultrametric space X in the terminology of [2] is said to be hyperconvex if it satisﬁes the following two conditions
(with Γ as in [2]):
(H1) For any family {B(xi;γi)}i∈I of balls
B(xi;γi) ∩ B(x j;γ j) = ∅ ∀i, j ∈ I ⇒
⋂
i∈I
B(xi;γi) = ∅.
(H2) For all x, y ∈ X and γ1, γ2 ∈ Γ :
d(x, y) sup{γ1, γ2} ⇒ ∃z ∈ X such that d(x, z) γ1 and d(z, y) γ2
(
i.e., B(x;γ1) ∩ B(y;γ2) = ∅
)
.
We ﬁrst observe that in the classical setting the second condition is redundant. Indeed, in any classical ultrametric space,
d(x, y)max{γ1, γ2} ⇔ B(x;γ1) ∩ B(y;γ2) = ∅.
Consider balls B(x;γ1) and B(y;γ2) with d(x, y)max{γ1, γ2}. There are two cases: If γ1  γ2. Then x ∈ B(x;γ1)∩ B(y;γ2).
On the other hand if γ2  γ1 then y ∈ B(x;γ1) ∩ B(y;γ2). In either case B(x;γ1) ∩ B(y;γ2) = ∅. Conversely, suppose
B(x;γ1) ∩ B(y;γ2) = ∅ and let z ∈ B(x;γ1) ∩ B(y;γ2). Then d(x, z)  γ1 and d(y, z)  γ2. By the ultrametric triangle in-
equality, d(x, y)max{d(x, z),d(y, z)}max{γ1, γ2}.
Accordingly, we say that an ultrametric space is a classical hyperconvex ultrametric space if it satisﬁes (H1).
Recall that a metric space (X,d) is said to be hyperconvex if for any family {Bγi }i∈I of closed balls in X ,
d(xi, x j) γi + γ j ∀i, j ∈ I ⇒
⋂
i∈I
B(xi;γi) = ∅.
Therefore a hyperconvex ultrametric space is never hyperconvex in the metric sense. This is because a hyperconvex metric
space is always complete, and each two points are joined by a metric segment. In contrast, as we have seen, each three
points of an ultrametric space are the vertices of an isosceles triangle.
Next observe that if B(x;γ ) ⊆ B(y; δ), then
d(x, y) δ  sup{γ , δ}.
Hence any descending collection of balls in a classical hyperconvex ultrametric space has nonempty intersection by (1), so
we conclude that if an ultrametric space is hyperconvex then it is spherically complete.
Now suppose X is a spherically complete ultrametric space and suppose
{
B(xi;γi)
}
i∈I
is a family of balls in X satisfying d(xi, x j)  max{γi, γ j}. Since the real numbers are linearly ordered, it follows that
{B(xi;γi)}i∈I is a nested chain; hence by spherical completeness ⋂i∈I B(xiγi) = ∅.
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Recall that a mapping T : X → M from a metric space (X,ρ) to a metric space (M,d) is nonexpansive if d(T (x), T (y))
ρ(x, y) for all x, y ∈ X . Since it is well known that hyperconvex metric spaces are injective (see [1]), the above fact suggests
that spherically complete ultrametric spaces should also be injective. This is indeed the case. Following [9] we say that an
ultrametric space (M,d) has the extension property (EP) if for every ultrametric space (X,ρ) and any subspace Y of X , any
nonexpansive mapping f : Y → M has a nonexpansive extension F : X → M . The following is a special case of Theorem 1.3
of [9].
Theorem 2. ([9]) Let (M,d) be an ultrametric space. Then the following are equivalent:
(1) (M,d) is spherically complete;
(2) (M,d) has (E P ).
Corollary 3. Let Y be a spherically complete subspace of an ultrametric space M. Then Y is a nonexpansive retract of M.
Proof. The identity mapping I : Y → Y has a nonexpansive extension r : M → Y . 
3. Nonexpansive mappings
Suppose (M,d) is an ultrametric space and T : M → M a mapping. We say that ball B(x; r) is minimal T -invariant if
T : B → B and d(u, T (u)) = r for all u ∈ B . The following theorem was ﬁrst proved in [7] using Zorn’s Lemma. Here we give
a constructive proof that seems to be more illuminating. Speciﬁcally, the fact that the conclusion holds in every ball of the
form B(x,d(x, T (x))) seems to be a new observation.
Theorem 4. ([7]) Suppose (M,d) is a spherically complete ultrametric space and suppose T : M → M is nonexpansive. Then every ball
of the form
B
(
x;d(x, T (x)))
contains either a ﬁxed point of T or a minimal T -invariant ball.
Proof. Let z ∈ M , let r = d(z, T (z)) and let u ∈ B(z; r). We assert that T (u) ∈ B(z; r) and d(u, T (u))  d(z, T (z)). To see
this we look at two cases. (i) If d(u, z) < r, then, since d(T (z)T (u))  d(z,u), by isosceles triangles it must be the case
that d(z, T (u)) = r, and again by isosceles triangles d(u, T (u)) = r. (ii) If d(z,u) = r, then by isosceles triangles, either
d(z, T (u)) = r and d(u, T (u)) r or d(z, T (u)) < r and d(u, T (u)) = r. Thus in either case, T (u) ∈ B(z; r) and d(u, T (u)) r.
Therefore every ball in M of the form B(z;d(z, T (z))) is invariant under T .
Now let x ∈ M . We shall show that B := B(x,d(x, T (x))) contains either a ﬁxed point of T or a minimal T -invariant ball.
We proceed by induction. Let x1 = x, let r1 = d(x1, T (x1)), and set
μ1 = inf
{
d
(
x, T (x)
)
: x ∈ B(x1; r1)
}
.
Now let {εn} be a sequence of positive numbers such that limn→∞ εn = 0. If μ1 = r1, then B = B(x1; r1) is either a singleton
or a minimal T -invariant ball, and we are ﬁnished. If r1 > 0 and μ1 < r1 select x2 ∈ B(x1; r1) so that
r2 := d
(
x2, T (x2)
)
< min{r1,μ1 + ε1}.
Having deﬁned xn ∈ M , let
μn = inf
{
d
(
x, T (x)
)
: x ∈ B(xn; rn)
}
.
As seen above when n = 1, if μn = rn or rn = 0 we are ﬁnished. Otherwise select xn+1 ∈ B(xn; rn) so that
rn+1 := d
(
xn+1, T (xn+1)
)
< min{rn,μn + εn}.
Either this process terminates and the conclusion follows after a ﬁnite number of steps, or {B(xn; rn)}∞n=1 is a nested se-
quence of nontrivial balls. In the latter case, since M is spherically complete,
∞⋂
B(xn; rn) = ∅.n=1
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exists. Let z ∈⋂∞n=1 B(xn; rn). Then for each n,
d
(
z, T (z)
)
max
{
d(z, xn),d
(
xn, T (z)
)}
 rn.
Moreover,
z ∈ B(xn+1; rn+1) ∀n ⇒ μn  d
(
z, T (z)
)
 r  rn+1 μn + εn.
Letting n → ∞ we see that d(z, T (z)) = μ = r. On the other hand,
inf
{
d
(
x, T (x)
)
: x ∈ B(z;d(z, T (z)))}μn,
and this implies
r  inf
{
d
(
x, T (x)
)
: x ∈ B(z;d(z, T (z)))}μ = r.
If r > 0, B(z;d(z, T (z))) is a minimal T -invariant ball contained in B . If r = 0, z is a ﬁxed point of T . 
Remark 2. The above proof requires only that descending sequences of closed balls have nonempty intersection.
Remark 3. If B(x; r) is a minimal T -invariant ball, then
d
(
Tn(x), Tn+1(x)
)= r
for all n ∈N.
Corollary 5. ([8]) Suppose (M,d) is a spherically complete ultrametric space and suppose T : M → M is strictly contractive
(d(T (x), T (y)) < d(x, y) when x = y). Then T has a unique ﬁxed point.
Notice that in Corollary 5 the ﬁxed point of T must lie in every ball of the form B(x;d(x, T (x))). Hence these balls are
nested, and consequently
{z} =
⋂
x∈M
B
(
x;d(x, T (x))),
where T (z) = z. Also, if x ∈ M and x = z, then d(z, T (x)) < d(z, x) ⇒ d(z, x) = d(x, T (x)).
4. Structure of the ‘ﬁxed point set’ of nonexpansive mappings
In this section we examine the nature of the ‘ﬁxed point set’ under the assumptions of Theorem 4.
Theorem 6. Suppose (M,d) is a spherically complete ultrametric space and suppose T : M → M is nonexpansive. Let
F = {x ∈ M: ∃r  0 such that d(u, T (u))= r ∀u ∈ B(x; r)}.
Then F is spherically complete, and hence a nonexpansive retract of M.
Proof. Let B(xi;γi) be a descending collection of closed balls centered at points xi ∈ F . Then for each i there exists ri  0
such that d(u, xi) ri ⇒ d(u, T (u)) = ri . Since M is spherically complete B :=⋂i∈I B(xi;γi) = ∅. If γi  ri for some i, then
the collection of balls all eventually lie in B(xi; ri), and so B ⊆ B(xi; ri) ⊆ F . So, suppose ri < γi for each i. Let x ∈ B . Then
d(T (x), T (xi)) d(x, xi) γi . Also,
d
(
T (x), xi
)
max
{
d
(
T (x), T (xi)
)
,d
(
T (xi), xi
)}=max{γi, ri} = γi .
Thus T : B → B . But B is itself spherically complete. So B ∩ F = ∅. This proves that F is spherically complete. The fact that
F is a nonexpansive retract of M follows from Corollary 3. 
With T and F as in Theorem 6, suppose x ∈ F , and suppose there exists r > 0 such that T : B(x; r) → B(x; r) and
d(u, T (u)) = r ∀ u ∈ B(x; r). Then d(u, x) < r ⇒ d(T (u), x) = r. Moreover, since d(Tn(x), Tn+1(x)) = r for all n ∈ N, by
isosceles triangles we have d(x, Tn(x)) < r ⇒ d(x, Tn+1(x)) = r for any n ∈ N. The simple example below shows that this
behavior is typical.
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complete ultrametric space. Deﬁne T (a) = c; T (c) = a; T (b) = d; T (d) = b. Then T is nonexpansive, T does not have any
ﬁxed points, and F = M .
Remark 4. If d(z, T (z)) = inf{d(x, T (x)) : x ∈ M} then d(u, T (u)) = d(z, T (z)) for all u ∈ B(z;d(z, T (z))).
Suppose x, y ∈ F with d(x, T (x)) = r1 and d(y, T (y)) = r2. If B(x; r1) ∩ B(y; r2) = ∅, then d(x, y) := d > max{r1, r2}. By
isosceles triangles,
d
(
T (x), T (y)
)= d.
On the other hand if B(x; r1) ∩ B(y; r2) = ∅ then r1 = r2. Thus if x, y ∈ F , either d(x, T (x)) = d(y, T (y)) = r and d(x, y) r
or
d(x, y) > max
{
d
(
x, T (x)
)
,d
(
y, T (y)
)}
and d(x, y) = d(T (x), T (y)).
5. A strong ﬁxed point theorem
The existence part of the following theorem is Theorem 1 of [11]. The proof given there is indirect and also relies on
Zorn’s Lemma. As in Theorem 4, we give a more constructive proof here, one that also shows T : M → M has a ﬁxed point
in every ball of the form B(x;d(x, T (x))). The assumption that T is strictly contracting on orbits [10] means that T (x) = x
implies d(T 2(x), T (x)) < d(T (x), x) for each x ∈ M .
Theorem 7. Let (M,d) be a spherically complete ultrametric space, let T : M → M, and assume the following properties are satisﬁed:
(1) If z = T (z) and d(x, T (z)) d(T 2(z), T (z)), then
d
(
x, T (x)
)
 d
(
z, T (z)
)
.
(2) T is strictly contracting on orbits.
Then T has a ﬁxed point in every ball of the form B(x;d(x, T (x))).
Proof. Choose x ∈ M . We shall show that B(x;d(x, T (x))) contains a ﬁxed point of T . Let Ω denote the set of all countable
ordinals and let x1 = x. We proceed by transﬁnite induction. Let β ∈ Ω and assume xα has been deﬁned for all α < β ,
where {B(xα;d(xα, T (xα)))}α<β is a descending chain of balls and {d(xα, T (xα))}α<β a descending chain of real numbers. If
xα′ = T (xα′ ) for some α′ < β take xα′ = xβ . Otherwise, if β = α + 1 take xβ = T (xα). If β is a limit ordinal choose
xβ ∈
⋂
α<β
B
(
xα;d
(
xα, T (xα)
))
.
We may now assume that xα = T (xα) for all α < β; otherwise xβ is a ﬁxed point of T in B(x;d(x; T (x))) and there is
nothing more to prove. Suppose β = α + 1. Then by (2) we have d(xβ, T (xβ)) = d(T (xα), T 2(xα)) < d(xα, T (xα)). Since
T (xα) ∈ B
(
xβ;d
(
xβ, T (xβ)
))∩ B(xα;d
(
xα, T (xα)
))
it must be the case that
B
(
xβ;d
(
xβ, T (xβ)
))= B(xα+1;d
(
xα+1, T (xα+1)
))⊂ B(xα;d
(
xα, T (xα)
))
.
If β is a limit ordinal then xβ ∈⋂α<β B(xα;d(xα, T (xα))), and in particular
xβ ∈ B
(
xα+1;d
(
xα+1, T (xα+1)
))= B(T (xα);d
(
T (xα), T
2(xα)
))
.
Thus d(xβ, T (xα)) d(T (xα), T 2(xα)). Since we are assuming xα = T (xα), condition (1) implies
d
(
xβ, T (xβ)
)
 d
(
xα, T (xα)
)
for each α < β . Also
xβ ∈ B
(
xβ;d
(
xβ, T (xβ)
))∩
⋂
B
(
xα;d
(
xα, T (xα)
))α<β
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B
(
xβ;d
(
xβ, T (xβ)
))⊆
⋂
α<β
B
(
xα;d
(
xα, T (xα)
))
.
We have thus deﬁned xα for all α ∈ Ω . Moreover the transﬁnite sequence {d(xα, T (xα))}α∈Ω is nonincreasing. Also, by (2),
d(xα, T (xα)) > 0 implies
0 d
(
xα+1, T (xα+1)
)= d(T (xα), T 2(xα)
)
< d
(
xα, T (xα)
)
.
Observe that xα = T (xα) is not possible for all α ∈ Ω because otherwise it follows from α′ < α that d(xα′ , T (xα′ )) >
d(xα, T (xα)). Then, since Ω has coﬁnal type ω1, the transﬁnite sequence {d(xα, T (xα))}α∈Ω of real positive numbers (= 0)
would be of coinitial type ω1, whereas the coinitial type of {r ∈R | r > 0} is countable. 
Proof. Choose x ∈ M . We shall show that B(x;d(x, T (x))) contains a ﬁxed point of T . Let Ω denote the set of all countable
ordinals and let x1 = x. We proceed by transﬁnite induction. Let β ∈ Ω and assume xα has been deﬁned for all α < β ,
where {B(xα;d(xα, T (xα)))}α<β is a descending chain of balls and {d(xα, T (xα))}α<β a descending chain of real numbers. If
xα′ = T (xα′ ) for some α′ < β take xα′ = xβ . Otherwise, if β = α + 1 take xβ = T (xα). If β is a limit ordinal choose
xβ ∈
⋂
α<β
B
(
xα;d
(
xα, T (xα)
))
.
We may now assume that xα = T (xα) for all α < β; otherwise xβ is a ﬁxed point of T in B(x;d(x; T (x))) and there is
nothing more to prove. Suppose β = α + 1. Then by (2) we have d(xβ, T (xβ)) = d(T (xα), T 2(xα)) < d(xα, T (xα)). Since
T (xα) ∈ B
(
xβ;d
(
xβ, T (xβ)
))∩ B(xα;d
(
xα, T (xα)
))
it must be the case that
B
(
xβ;d
(
xβ, T (xβ)
))= B(xα+1;d
(
xα+1, T (xα+1)
))⊂ B(xα;d
(
xα, T (xα)
))
.
If β is a limit ordinal then xβ ∈⋂α<β B(xα;d(xα, T (xα))), and in particular
xβ ∈ B
(
xα+1;d
(
xα+1, T (xα+1)
))= B(T (xα);d
(
T (xα), T
2(xα)
))
.
Thus d(xβ, T (xα)) d(T (xα), T 2(xα)). Since we are assuming xα = T (xα), condition (1) implies
d
(
xβ, T (xβ)
)
 d
(
xα, T (xα)
)
for each α < β . Also
xβ ∈ B
(
xβ;d
(
xβ, T (xβ)
))∩
⋂
α<β
B
(
xα;d
(
xα, T (xα)
))
it must be the case that xβ ∈ B(xβ ;d(xβ, T (xβ))) ⊆ B(xα;d(xα, T (xα))) for each α < β; hence
B
(
xβ;d
(
xβ, T (xβ)
))⊆
⋂
α<β
B
(
xα;d
(
xα, T (xα)
))
.
We have thus deﬁned xα for all α ∈ Ω . Moreover the transﬁnite sequence {d(xα, T (xα))}α∈Ω is nonincreasing. Also, by (2),
d(xα, T (xα)) > 0 implies
0 d
(
xα+1, T (xα+1)
)= d(T (xα), T 2(xα)
)
< d
(
xα, T (xα)
)
.
Observe that xα = T (xα) is not possible for all α ∈ Ω because otherwise it follows from α′ < α that d(xα′ , T (xα′ )) >
d(xα, T (xα)). Then, since Ω has coﬁnal type ω1, the transﬁnite sequence (d(xα, T (xα)))α∈Ω of real positive numbers (= 0)
would be of coinitial type ω1, whereas the coinitial type of {r ∈R | r > 0} is countable. 
6. Best approximation
A subspace A of a metric space is said to be an almost nonexpansive retract of M if for any λ > 1 there exists a retraction
rλ of M onto A such that rλ is λ-Lipschitz, i.e., d(rλ(x), rλ(z)) λd(x, z) for all x, z ∈ M.
Theorem 8. A metric space M is ultrametric if and only if every closed subset A of M is an almost nonexpansive retract of M.
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Asymptotic dimension of groups], which are based on [3]. An analysis of the proof of Theorem 2.9 of [3] leads to the
following.
Theorem9. Suppose K is a spherically complete subspace of an ultrametric space M, and suppose T : K → M satisﬁes d(T (x), T (y))
αd(x, y) for each x, y ∈ K , where α ∈ (0,1). Then for any μ > 1 there exists u ∈ K such that
d
(
T (u),u
)
μdist
(
T (u), K
)
.
Proof. Given α ∈ (0,1), choose λ > 1 so that αλ < 1, and choose δ > 1 so that δ  μ and δ2 < λ. As seen in the proof
of Theorem 2.9 of [3] it is possible to deﬁne an order ≺ on M such that for every nonempty bounded subset C of M the
restricted order ≺|C is a well-order. Deﬁne a retraction r : M → K as follows. For x ∈ M let Bx = {b ∈ K : d(x,b) δ dist(x, K )}
and take r(x) to be the point of Bx which is minimal with respect to ≺. It is shown in the proof of Theorem 2.9 of [3] that
r is λ-Lipschitz. For x ∈ K , set G(x) = r ◦ T (x). Then G : K → K , and moreover for each x, y ∈ K ,
d
(
G(x),G(y)
)= d(r ◦ T (x), r ◦ T (y))
 λd
(
T (x), T (y)
)
 αλd(x, y),
so by Corollary 5, G has a unique ﬁxed point u in K . Since u = r ◦ T (u) ∈ BT (u) we have
d
(
T (u),u
)= d(T (u), r ◦ T (u)) δ dist(T (u), K )μdist(T (u), K ). 
The following is a consequence of results of [5]. For sake of completeness we give the simple proof. Recall that a subspace
Y of a metric space M is proximinal in M if for any z ∈ M there exists y ∈ Y such that d(z, y) = dist(z, Y ).
Theorem 10. Let Y be a spherically complete subspace of an ultrametric space (M,d). Then Y is proximinal in M.
Proof. Let z ∈ M\Y , and let d = dist(z, Y ). Choose xn ∈ Y so that dn := d(xn, z)  d + 1n and so that {dn} is nonincreasing.
Then m > n ⇒ d(xn, xm) = dn . Hence {xn, xn+1, . . .} ⊂ B(xn;dn) ∩ Y . So {B(xn;dn)} is a descending sequence of nonempty
balls in Y . Since Y is spherically complete, there exists x ∈⋂∞n=1 B(xn;dn) ∩ Y . Clearly d(x, z) = d. 
Theorem 11. Let Y be a spherically complete subspace of an ultrametric space M, and let z ∈ M\Y . Suppose T : M → M is a mapping
for which T (z) = z. Also assume that T is nonexpansive on Y ∪ {z} and that Y is T -invariant. Then T has a ﬁxed point in Y which is a
nearest point of z in Y , or Y contains a minimal T -invariant set, each point of which is a nearest point to z in Y .
Proof. Let d = dist(z, Y ) and let X = B(z;d) ∩ Y . By Theorem 10, X is nonempty. Let y ∈ X . Then
d(z, Y ) d
(
z, T (y)
)
 d(z, y)
= d(z, Y ).
This implies that X is T -invariant. Now let y ∈ X . Since d(y, T (y))max{d(y, z),d(T (y), z)} = d, it must be the case that
B
(
y;d(y, T (y)))∩ Y ⊆ B(z;d).
Therefore B(y;d(y, T (y))) ∩ Y ⊆ X , and
T
(
B
(
y;d(y, T (y)))∩ Y )⊆ B(y;d(y, T (y)))∩ Y .
By Theorem 4, B(y;d(y, T (y)))∩ Y contains either a ﬁxed point w of T which is in X , or a minimal T -invariant ball which
necessarily lies in X . 
Corollary 12. Let Y be a spherically complete subspace of an ultrametric space M and suppose T : M → M is a mapping having a
ﬁxed point z ∈ M\Y . Assume that T is strictly contractive on Y ∪ {z} and Y is T -invariant. Then there exists a unique ﬁxed point w of
T which is a nearest point of z in Y .
Proof. Let d = dist(z, Y ) and let X = B(z;d) ∩ Y . As we have seen, X = ∅ and T : X → X . If w ∈ X and T (w) = w , then we
have the contradiction d(z, Y ) d(z, T (w)) < d(z,w) = d(z, Y ). 
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